Abstract. We construct a projective Galois representation attached to an abelian L-surface with quaternionic multiplication, describing the Galois action on its Tate module. We prove that such representation characterizes the Galois action on the isogeny class of the abelian L-surface, seen as a set of points of certain Shimura curves.
Introduction
Let L be a number field. An abelian variety A/Q is called an abelian L-variety if for each σ ∈ Gal(Q/L) there exists an isogeny µ σ : A σ →A with the following compatibility condition: ψ • µ σ = µ σ • ψ σ , for all ψ ∈ End(A). In this note, we deal with the two dimensional situation and the so-called fake elliptic curves or abelian surfaces with quaternionic multiplication (QM), namely, pairs (A, ı) where A is an abelian surface and ı is an embedding of a quaternion order O into its endomorphism ring. We remark that, by setting A = E × E, where E is an elliptic curve, and ı the obvious embedding of O = M 2 (Z) into End(E × E), the theory of elliptic curves can be seen as a special case. In this scenario, we say that (A, ı) is an abelian L-surface with QM if, for any σ ∈ Gal(Q/L), there exists an isogeny µ σ : A σ →A as well, but with the above compatibility condition only satisfied for the image of the quaternionic multiplication ı.
The moduli problem that classifies abelian surfaces with QM is solved by the classical Shimura curves X Γ . If P ∈ X Γ corresponds to an abelian L-surface with QM (A, ı), we can interpret theQ-isogeny class of (A, ı) as a set of points [P ] ⊂ X Γ (Q). Directly from the definition, we can deduce that this set of points [P ] is stable under the action of Gal(Q/L). The main aim of this paper is to construct a projective Galois representation ρ attached to (A, ı) of the form
where A f is the ring of finite adeles and End(A, ı) is the set of endomorphisms commuting with every element of the image of ı, and to give a concise description of the Galois action on the set of points [P ] through this representation ρ. With this in mind, we have to give first a description of theQ-isogeny class [P ] . In §3 we show that there is a bijective correspondence between the set [P ] ⊂ X Γ and the double coset space
for some compact open subgroup Γ. This provides a purely algebraic description of theQ-isogeny class of (A, ı). Finally, in §4, we introduce the main result of this note (Theorem 4.2): The Galois action of Gal(Q/L) on theQ-isogeny class [P ] ⊂ X Γ is given by the following map × /(End(A, ı) ⊗ Q) × . The current interest on abelian L-varieties began, with L = Q, when K. Ribet observed that non-CM absolutely simple factors of the modular Jacobians J 1 (N ) are in fact abelian Q-varieties [3] . Actually, after the proof of Serre's conjecture on representations of Gal(Q/Q) [4, 3.2.4 ?], every so-called building block (namely a Q-variety whose endomorphism algebra is a central division algebra over a totally real number field F with Schur index t = 1 or t = 2 and t[F : Q] = dim A), is an absolutely simple factor up to isogeny of a modular Jacobian J 1 (N ).
Gal(Q/L) × Γ\(O ⊗
In order to explore the relation of the representation ρ with modularity, one realizes that the construction of ρ given in §2 imitates the classical construction of the ℓ-adic Galois representation of an elliptic curve defined over L or the projective ℓ-adic Galois representation attached to an elliptic Q-curve. In fact, in the trivial case A = E × E and E one of such objects, ρ is the projectivization of the product over all ℓ of the corresponding classical ℓ-adic representations. Something analogous happens when (A, ı) is a building block, namely, a non-CM abelian Q-surface with QM by an order in a division algebra. We know that A is an absolutely simple factor of an abelian variety A GL 2 defined over Q of GL 2 -type. In §8 we show that ρ is the projectivization of the product over all ℓ of the ℓ-adic Galois representations attached to the abelian variety A GL2 /Q.
Since in case L = Q the projective representation ρ is related to well known classical ℓ-adic representations, we expect the norm of ρ to be characterized by the cyclotomic character. In §6 we introduce the dual of an abelian surface with QM and we describe the Weil pairing attached to it. The given explicit description of the Weil pairing allows us to compute the norm of ρ and to prove that it is indeed provided by the cyclotomic character (Theorem 6.4).
Apart from the interesting relations between ρ and certain abelian varieties of GL 2 -type in the non-CM case, the CM case is very interesting as well. One can prove that any CM abelian surface with QM (that we know is modular) is in fact an abelian Q-surface with QM (Proposition 7.1). Moreover, the corresponding points in X Γ classifying theQ-isogeny class of a CM abelian (Q-)surface with QM are classical Heegner points. This implies, by Shimura's reciprocity law, that the Galois action of Gal(Q/Q) on the set [P ] ⊂ X Γ (Q) of Heegner points is described via Class Field Theory. Using this fact, we prove in Proposition 7.1 (as a direct consequence of Theorem 4.2) that, in the CM case, the projective representation ρ factors through the inverse of the Artin map. This provides a complete description of ρ in this case.
denote the ring of finite adeles, namely
Write A Q for the ring of adeles of Q. Let B be an indefinite quaternion algebra over Q of discriminant D, and let O be an Eichler order in B. We denote by Tr and Norm the reduced trace and the reduced norm in B respectively. Namely, for any b ∈ B, we have Tr(b) = b +b and Norm(b) = bb, whereb stands for the conjugate of the quaternion b.
Let G be the group scheme over Z such that 
× . Given an abelian variety A defined over C, we will denote by End(A) the algebra of endomorphisms of A defined over C. Note that if A admits a model overQ, then End(A) = EndQ(A). Throughout this paper, we will denote End 0 := End ⊗ Q.
Abelian L-surfaces with Quaternionic Multiplication
Let F be a field. An abelian surface with QM by O over F is a pair (A, ı) where A/F is an abelian surface and ı is an embedding O ֒→ End F (A), optimal in sense that ı(B) ∩ End F (A) = ı(O), and such that every endomorphism ı(α), α ∈ O, is defined over F . If the order O is clear by the context, we will call them just QM-abelian surfaces. Let us consider the subring
If (A, ı) is defined over C, End 0 (A, ı) can be either Q or an imaginary quadratic field K, in this last situation we say that (A, ı) has complex multiplication (CM).
Definition 2.1. Two abelian surfaces (A, ı) and (A ′ , ı ′ ) with QM by O defined over F are isogenous or O-isogenous if there exist an isogeny µ :
We will call such an isogeny
Assume that (A, ı) is defined over C and letT (A) = Hom(A tor , Q/Z) be its Tate module. SinceT (A) is a A f -module of rank 4 with End(T (A)) = End(A) ⊗ A f and ı(O) = ı(B) ∩ End(A), we conclude thatT (A) ≃ O ⊗ A f and A tor ≃ B/O as O-modules. This implies that, for any O-isogeny µ : (A, ı) → (A ′ , ı ′ ), we have an isomorphism ker(µ) ≃ I µ /O as O-modules, for some left fractional O-ideal I µ . We define deg(µ) to be Norm(I µ ) −1 . With this definition, the multiplication-by-n O-isogeny has degree deg(n) = n 2 , instead of n 4 . Moreover, we have an inclusion ker(µ) ⊆ ker(deg(µ)) provided by
This implies that there exists a O-isogeny µ
Given an abelian L-surface (A, ı) with QM we shall construct a map
× that describes the Galois action on the Tate module. In order to do this, we will fix an isomorphism ϕ : A tor → B/O. The following result shows that to choose such an isomorphism ϕ is equivalent to choose a basis {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 } of the Tate moduleT (A).
is a basis, the map A tor → (Q/Z) 4 ; P → (ϕ i (P )) i is an isomorphism. Then there exists a unique sequence {P n } n∈N ⊂ A tor such that ϕ i (P n ) = (in particular e 1 = 1). We claim that {e i } i=1···4 form aẐ-basis forÔ. Indeed, for any α ∈Ô, there existsn i ∈Ẑ such that ϕ i (ı(α)P n ) = ni n , where n i =n i mod n, thus
Since {ϕ i } i=1···4 form a basis and P n generates A[n] as O-module, we conclude α = j=1···4n j e j and {e i } i−1···4 form aẐ-basis forÔ.
Finally, we consider the well defined morphism ϕ and let α = j=1···4n j e j ∈Ô, then
Since P n generates A[n] as a O-module, we conclude that ϕ is a O-module isomorphism.
Analogously, given a O-module isomorphism ϕ : A tor → B/O and given aẐ-basis {e i } i=1···4 ofÔ, we define the morphism ϕ i (P ) = x i , where ϕ(P ) = i=1···4 x i e i . It is clear that {ϕ i } i=1···4 provides aẐ-basis of Hom(A tor , Q/Z).
Since (A, ı) is defined overQ, we can fix a number field M and a model of A over M such that any endomorphism is defined over M . We denote such a model also by (A, ı) by abuse of notation. We fix a set of O-isogenies µ = {µ σ : (A σ , ı σ ) → (A, ı), σ ∈ Gal(M/L)} and assume, after extending M if necessary, that every O-isogeny in µ is also defined over M .
Let us consider the endomorphism on B/O given by
Such endomorphism commute with the action of O, indeed, for any α ∈ O,
Hence it corresponds to an element of End 
This map may depend on the choice of the set of O-isogenies µ, nevertheless we can consider the quotient
Hence the composition with the quotient map, gives rise to a map of the form:
Lemma 2.4. The map ρ (A,ı,ϕ) is independent on the choice of the set of O-isogenies µ and the choice of the model in theQ-isomorphism class of (A, ı).
Proof.
} be another set of Oisogenies (it can be defined over another Galois extension M ′ but we can extend both sets trivially). Then
Hence we have,
which proves our first assertion. Assume that we have another model
Since we have proved that ρ (A ′ ,ı ′ ,ϕ ′ ) does not depend on the choice of the Oisogenies, we can choose
Given the embedding End
Proof. On the one side, for all σ ∈ Gal(Q/L) and λ ∈ End(A, ı) we have
Indeed,
On the other side, one checks that
In particular, the quotient ρ (A,ı,ϕ) (σ) is a group homomorphism.
Remark 2.6. Assume that the discriminant D = 1, thus the quaternion algebra
where E is an elliptic curve. In the particular case that E is defined over L (thus clearly A = E × E is an abelian L-surface with QM), the representation ρ (A,ı,ϕ) is just the quotient modulo End
× of the classical action on the Tate module
Shimura curves and isogeny classes
Assume that O 0 is a maximal order in B, let Γ be an open subgroup ofÔ The curve X Γ is defined over some number field L Γ . If k is a field of characteristic zero, given a point P ∈ X Γ (k) corresponding to the isomorphism class of a triple (A, ı,φ)/k, its Galois conjugate P σ ∈ X Γ (k), for any σ ∈ Gal(k/k), corresponds to the isomorphism class of (A σ , ı σ ,φ σ ), where
Thus, a k-rational point P in X Γ corresponds to the isomorphism class of a triple (A, ı,φ)/k which is isomorphic to all its Gal(k/k)-conjugates. The complex points of the Shimura curve are in correspondence with the double coset space
where cusps only appear in case
f . We compute that Letk be a field of characteristic 0 algebraically closed. We say that two triples (A, ı,φ) and
Then we have the following bijection
Proof. The non-CM case is described in [1, Lemma 1], we give here a proof that works in any case. Recall that (A g∞ , ı g∞ ,φ g∞ ) is the triple corresponding to
Therefore we have the isogeny
which is clearly a O 0 -isogeny with respect to ı g∞ and ı g∞g f since the inclusion
We conclude that the map
is surjective. Finally, the result follows from the fact that
Remark 3.4. The above proposition asserts that the isogeny class [P ] corresponds to the fiber containing P of the natural map
Galois action on isogeny classes
Assume now that (A, ı) is an abelian L-surface with QM by O 0 , let (A, ı,φ) be a triple corresponding to the point P ∈ X Γ (Q). First we show that any (A ′ , ı ′ ) isogenous to (A, ı) is an abelian L-surface with QM. 
is an abelian L-surface with QM, there exists
(such a O 0 -isogeny exists since (A, ı) and (A ′ , ı ′ ) are isogenous and both defined overQ). Thus by conjugating φ by σ and composing with φ ∨ • µ σ , one obtains
Hence (A ′ , ı ′ )/Q is an abelian L-surface with QM.
Note that, since P and so (A, ı) are defined overQ, the C-isogeny class coincide with theQ-isogeny class [P ] . Moreover, the above lemma implies that Gal(Q/L)
is an L-abelian surface with QM by the lemma, there exists a O 0 -isogeny µ
The main theorem of this section relates this action with the map ρ (A,ı,ϕ) introduced in §2 by means of the characterization of [P ] given in Proposition 3.3. 
Remark 4.3. Note that, by Lemma 2.5, the image ρ (A,ı,ϕ) (σ) lies in the commutator of End 0 (A, ı) in G(A f ). Thus the product g f ρ (A,ı,ϕ) (σ) is well defined in
Proof. Recall that the abelian surface corresponding to ψ g∞ ([g f ]) is given by the complex torus A g f = (B ⊗ R) g∞ /I g f , where
Also recall that a representative ofφ g f is given by
σ corresponds to the triple (A
thus (A 
σ ) and the result follows.
Change of moduli interpretation
In section §2, we defined an abelian L-surface (A, ı) with QM by any Eichler order O and defined the corresponding representation ρ (A,ı,ϕ) attached to a fixed O-module isomorphism ϕ : A tor → B/O. Nevertheless, we used a maximal order O 0 to define the Shimura curve X Γ and to describe its moduli interpretation as the space classifying triples (A 0 , ı 0 ,φ 0 ), where (A 0 , ı 0 ) has QM by O 0 . In this section we shall change this moduli interpretation for some of this Shimura curves X Γ in order to classify abelian surfaces with QM by O.
Thus from now on O will be an Eichler order in Due to this previous lemma we can easily prove the above proposition:
Proof of Proposition 5.1. We know that the Shimura curve X Γ classify triples (A 0 , ı 0 ,φ 0 ) as in (i). By the above Lemma, given a representative ϕ 0 of the Γ-equivalence class ϕ 0 , there exists a triple (A, ı, ϕ), where ϕ is a O-module isomorphism. It is clear that the Γ-equivalence classφ 0 corresponds to the Γ-equivalence classφ. 
The following result relates the representations attached to triples associated by the correspondence Λ
O0
O .
Proof. We know that there exists an isogeny φ :
Moreover, for all σ ∈ Gal(Q/L) and P ∈ (A 0 ) tor , we have
Remark 5.5. As a consequence of this lemma, we obtain that Theorem 4.2 also applies if we change the maximal order O 0 by a not necessarily maximal Eichler order O, considering the moduli interpretation (ii) of Proposition 5.1.
Duality
In this section we describe the dual of an abelian surface with quaternionic multiplication and its associated Weil pairing.
Let (A, ı)/C be an abelian surface with QM by O. Denote by A ∨ /C its dual abelian surface. Denote by , the Weil pairing
where {ζ n , n ∈ N} is the group of roots of unity. Such group is isomorphic to Q/Z by means of the isomorphism ψ : {ζ n , n ∈ N} −→ Q/Z; e 2πi n m −→ m/n.
Given O, we have the two-sided ideal
where Tr denotes the reduced trace. Given any left O-ideal I, we denote by Norm(I) its reduced norm.
Proposition 6.1. The dual abelian surface A ∨ admits a quaternionic multiplication
for any P, Q ∈ A tor .
Proof. We have seen that, as a complex torus, A = (B ⊗R) h /I, for some left O-ideal I and some complex structure h : C → B ⊗ R. Its dual complex torus corresponds to (B ⊗ R)
and the complex structure h ∨ :
Hence we obtain that
Since I # is a left O-ideal, we deduce that A ∨ admits a quaternionic multiplication ı ∨ , and
is given by the inclusion 1 Norm(I) I ⊆ I # . Its kernel corresponds to the quotient
# , provides the following description of the Weil pairing:
Any isomorphism ϕ : A tor → B/O, is given by an element g f ∈ G(A f ), such that Og f ∩ B = I, and the composition
f . We compute, for P, Q ∈ A tor corresponding to b, b ′ ∈ B/I respectivelly,
where u = Norm(g f )/Norm(I) ∈Ẑ × . The fact that ε ∨ = ε follows from the above equality since, by definition, Q, ε ∨ (P ) = P, ε(Q) and the pairing given by the trace is symmetric. Finally, the identity ı ∨ (α) = ı(ᾱ) ∨ follows directly from the above description of the Weil pairing.
6.1. Weil pairing on abelian L-surfaces with QM. Let (A, ι) be an abelian Lsurface with QM. Fix a model (A, ı) over some number field M , a set of O-isogenies µ = {µ σ : (A σ , ι σ ) → (A, ι)} defined over M and a O-isomorphism ϕ : A tor → B/O. In §2 we constructed the endomorphisms ρ
is also an abelian L-surface with QM. Moreover, by the functorial description of the dual abelian surface,
tor and σ ∈ Gal(Q/Q).
Proof. First we consider a Galois extension M ′ /M big enough such that ε is defined over M ′ and we extend the set of O-isogenies in the natural way:
is the natural projection. We consider the Weil restriction of scalars X = Res L A. It is an abelian variety defined over L and isomorphic overQ to
, the isogeny µ τ gives rise to an endomorphism λ τ ∈ End(X) defined by:
Note that we have the polarization
Hence the Rosati involution of λ τ with respect to ε is given by
Thus λ τ • λ † τ acts as the diagonal matrix with entries
Due to the fact that the Rosati involution is positive, we have
Since this equality is also true for any σ ∈ Gal(M ′ /M ) where µ σ = Id, we also deduce that ε is defined over M .
Let χ : Gal(Q/Q) →Ẑ be the cyclotomic character that provides the Galois action on {ζ n , n ∈ N} ≃ Q/Z, namely ψ(ζ σ n ) = χ(σ)ψ(ζ n ), for any root of unity ζ n and σ ∈ Gal(Q/Q).
Theorem 6.4. We have that
Proof. We have seen that there exist u ∈ A × f such that ψ( P, ε(Q) ) = uTr(ϕ(P )ϕ(Q)). Thus we compute, for all P, Q ∈ A tor ,
, and the result follows.
Corollary 6.5. The composition
) and it is given by the restriction of the inverse of the Artin map.
Complex Multiplication abelian K-surfaces with QM
In this section we shall deal with the Complex Multiplication (CM) case. Hence, only for this section, we assume that the abelian surface (A, ı) with QM by O has also CM by K, so is to say, End 0 (A, ı) = K an imaginary quadratic field. The following result describes the projective representation ρ 
, we obtain an analogous embedding
. We conclude that (A ′ , ı ′ ) is isogenous to (A, ı) by Proposition 3.3, thus part (i) follows. By Shimura's Reciprocity Law [5, Main Theorem I] , all points in [P ] are defined over K ab . In particular (A, ı) is defined overQ. Since (A σ , ı σ ) has CM by K for any σ ∈ Gal(Q/Q), we apply part (i) to deduce that (A, ı) and (A σ , ı σ ) are O-isogenous. We have proved part (ii).
Additionally, Shimura's Reciprocity Law also describes the Galois action on the isogeny class of (A, ı). More precisely, for any open subgroup Γ, let [P ′ ] be the isogeny class of
, for all σ ∈ Gal(K ab /K). We apply Theorem 4.2 and we obtain that ρ (A,ı,ϕ) (σ) = Art
Finally, note first that the class jK × is an element in N A /K × of order 2 and
, where the complex structure on (B ⊗ R) g∞ is given by h g∞ : C ֒→ M 2 (R). It is easy to see that h g∞ is the Rextension of scalars of ψ (A,ı) : K ֒→ B. Complex conjugation must be the unique automorphism γ on (B ⊗ R) such that γ(h g∞ (z)) = h g∞ (z σc ), for all z ∈ C × . Therefore γ corresponds to conjugation by j since j
g∞ /Oj and we have the following diagram (choosing j −1 ∈ O):
is generated by the image of σ c , part (iv) follows.
Abelian Q-surfaces as factors of abelian varieties of GL 2 -type
In this section we will deal with abelian Q-surfaces without complex multiplication. Thus, let (A, ı) be an abelian Q-surface with QM by O such that End 0 (A, ı) = Q. We fix a set of O-isogenies µ = {µ σ : (A σ , ı σ ) → (A, ı), σ ∈ Gal(Q/Q)}. Given µ, we can define the map: Proof. To prove that c µ is a 2-cocycle one has to check that
We leave the details to the reader. If we choose (A ′ , ı ′ ) in the O-isogeny class of (A, ı) with set of O-isogenies µ ′ = {µ
we obtain that c µ = c µ ′ ∂(λ), where 
is trivial. This implies that c µ = ∂(α), for some α : Gal(Q/Q) → Q × . Let E α be the number field generated by the image of α.
By means of the set of O-isogenies µ = {µ σ ; σ ∈ Gal(Q/Q)} and a 1-cocycle α : Gal(Q/Q) → Q × such that c µ = ∂(α), we shall construct an abelian variety of GL 2 -type A GL2 having A as a factor or being contained in A.
Remark 8.2. In the particular case that B = M 2 (Q) and A ≃ E × E ′ , where E is an elliptic curve defined over Q, we may obtain that A GL 2 = E. Otherwise, we will obtain that A is a factor of A GL2 .
Choose a model over a Galois extension M/Q such that the O-isogenies µ σ : (A σ , ı σ ) → (A, ı), with σ ∈ Gal(M/Q), are also defined over M . We consider the Weil restriction of scalars X = Res Q A. It is an abelian variety defined over Q isomorphic overQ to σ∈Gal(M/Q) A σ . For any τ ∈ Gal(M/Q) and o ∈ O, the isogeny µ τ gives rise to an endomorphism oλ τ ∈ End(X) defined by:
Since the Galois action on the points of X is given by
where π : Gal(Q/Q) → Gal(M/Q) is the natural projection. We compute that, for τ ∈ Gal(M/Q), γ ∈ Gal(Q/Q) and o ∈ O,
Hence oλ τ ∈ End Q (X). 
Given the 2-cocycle c µ associated to the set of O-isogenies µ = {µ σ , σ ∈ Gal(M/Q)} and the fixed 1-cocycle α : Gal(M/Q) → E Proof. By Proposition 8.1, the 2-cocycle c µ represents the class of B in the Brauer group Br(Q). Since c µ is a coboundary when extended to E α , it represents the trivial element of the Brauer group Br(E α ). The fact that the cocycle representing B is trivial when extended to E α implies the assertion (see [2, §2] ).
The above lemma implies that X 0 is isogenous over Q to an abelian surface of the form A 2 GL2 , where End 0 Q (A GL2 ) = E α . Clearly, dim(A GL2 ) = dim(X 0 )/2 = [E α : Q], thus A GL 2 is an abelian surface of GL 2 -type. More precisely, let π be the an element of the set
Then A GL2 := π(X 0 ) ⊂ X 0 . Since A GL 2 ⊂ X 0 ⊆ X = Res Q (A), we have that A is a factor of A GL 2 (or A GL 2 is a factor of A, see Remark 8.2). In particular, End First we recall the classical construction of the Galois representation attached to A GL2 : For any prime ℓ, the Tate module T ℓ (A GL2 ) = Hom((A GL2 ) tor , Q ℓ /Z ℓ ) is a free Z ℓ -module of rank 2d. Its extension of scalars V ℓ (A GL 2 ) := T ℓ (A GL 2 ) ⊗ Q has a natural action of End 0 Q (A GL 2 ) = E, which provides it with a structure of rank 2 E ⊗ Q ℓ -module. Given a basis ϕ 1 , ϕ 2 ∈ V ℓ (A GL2 ) as a E ⊗ Q ℓ -module, we obtain a representation ρ ℓ GL2 : Gal(Q/Q) −→ GL 2 (E ⊗ Q ℓ ) opp ,
